Abstract. A positive integer is called a (Ore's) harmonic number if its positive divisors have integral harmonic mean. Ore conjectured that every harmonic number greater than 1 is even. If Ore's conjecture is true, there exist no odd perfect numbers. In this paper, we prove that every odd harmonic number greater than 1 must be divisible by a prime greater than 10 5 .
Introduction
Every perfect number is harmonic. Therefore, if Ore's conjecture, "all harmonic numbers other than 1 must be even" holds, then the famous conjecture "there does not exist an odd perfect number" also holds.
A positive integer n is said to be harmonic if the harmonic mean of its positive divisors H(n) = nτ (n) σ(n) is an integer, where τ (n) and σ(n) denote the number and the sum of positive divisors of n, respectively. We call 1 the trivial harmonic number.
In advance of the innovation by Ore's harmonic numbers, Kanold [15] proved that the largest prime divisor p of any odd perfect number, if it exists, is greater than 60. The estimation of lower bound of p is further developed by Hagis and McDaniel [9] (resp. [10] ) to p > 10 4 (resp. p > 10 5 ), by Hagis and Cohen [11] to p > 10 6 , and by Jenkins [14] to p > 10 7 . Ore [21] defined and investigated harmonic numbers in 1948. He listed all harmonic numbers up to 10 4 , and this list was extended by Garcia [6] to 10 7 , by Cohen [3] to 2 · 10 9 . Sorli [26] gave tables of harmonic numbers up to 10 12 and of harmonic seeds (we recall the definition in this section) up to 10 15 , and showed that any nontrivial odd harmonic number is greater than 10 15 . Kanold [16] showed the finiteness of the number #{n | H(n) = k} for any k. Goto and Shibata [7] gave the table of harmonic numbers n with H(n) ≤ 300. Mills [17] showed that any nontrivial odd harmonic number, if it exists, has at least one component (prime power divisor) greater than 10 7 . He also announced that one can extend the bound to 65531 2 by using a computer. Pomerance [22] announced that every harmonic number with two components is an even perfect number, and Edgar and Callan [5] published a proof of the fact.
The complete table of 967 seeds is available at http://www.ma.noda.tus.ac. jp/u/tg/harmonic/seeds_100.pdf. In order to show Theorem 1.1, we need a computer, however, we can show Corollary 1.2 without a computer, by generalizing the approach of [25] and [2] (for details, see http://www.ma.noda.tus.ac.jp/u/tg/harmonic/10e2.pdf). Note that the corollary is an extension of the result of Kanold [15] , who also may not use a computer.
Let P(N, M ) (resp. H(N, M )) be the set of perfect (resp. nontrivial harmonic) numbers whose N -th largest prime factor is less than M , and O the set of odd integers. Corollary 1.2 says that H (1, 10 2 ) ∩ O is empty. Iannucci [12] (resp. [13] ) showed that P(2, 10 4 ) ∩ O (resp. P(3, 10 2 ) ∩ O) is empty. Pomerance [23] remarked that the set P(N, M ) ∩ O is finite for any positive integers N, M . In §3, we also prove the following fact, which is an extension of Pomerance's remark. For N ≥ 2, M ≥ 2, the set H(N, M ) seems to be infinite since it contains even perfect numbers. In §4, we give an outline of the proof of the following theorem. 
Preliminaries
In this section, we recall some known facts about harmonic numbers and values of cyclotomic polynomials. Since τ and σ are multiplicative, we can express H(n) as 
In particular, there exist only finitely many odd harmonic numbers n satisfying ω(n) = k, for a given positive integer k.
In the nineteenth century, values of cyclotomic polynomials, often called cyclotomic numbers, were studied by Kronecker, Sylvester, et al. Their works are described as Lemma 2.4 (see [20] or [24] ). Throughout this section, the symbols a, d represent integers greater than 1, and p, q, k primes. If k a, we denote by ord k (a) the order of a ∈ (Z/kZ) × .
Lemma 2.4. A prime k divides Φ d (a) if and only if
From Lemma 2.4, we immediately obtain the following fact:
In the former (resp. latter) case, we say that k is intrinsic (resp. primitive). These terms were used by Murata and Pomerance [19] .
The following lemma is known as Bang's theorem. The most famous proof is due to Birkhoff and Vandiver [1] (see also [24] ). Motose [18] gave a simpler proof of the fact.
Lemma 2.5. A cyclotomic number Φ d (a) has no primitive prime factors if and only if
3. Proofs of Theorems 1.1 and 1.3
In this paper, p, p i , q, k will denote prime numbers.
i be a harmonic number greater than 6, and p = max(p i ). Then the following facts hold.
(a) The largest prime divisor of the product
Proof. (a) Let q be the largest prime divisor of r i=1 (e i + 1). Then the left-hand side of (1) is divisible by Φ q (p i ) for some p i . Note that q > 2 from Lemma 2.1. By Lemma 2.5, Φ q (p i ) has a primitive prime factor k, so that k ≡ 1 (mod q). Assume that q ≥ p/2. Then k ≥ 2q + 1 ≥ p + 1. The left-hand side of (1) is divisible by k, which is greater than max(p, q), a contradiction.
(b) Let e = max(e i ). Lemma 2.1 implies e > 1. Assume that e = 5 and the required inequality does not hold. Then it is necessary that n = 2 e 1 3 e 2 5 e 3 with 0 ≤ e i ≤ 5, max(e i ) = 5, however, such an n is not harmonic. Hence we can assume that e = 1, 5, so Φ e+1 (p j ) has a primitive prime divisor k from Lemma 2.5. Assume that e > p − 2. Then we have k ≥ e + 2 > p, which is contradictory to the equation (1). It follows immediately from Proposition 3.1 that there exist only finitely many harmonic numbers whose prime divisors are less than a given number. Since there exist many such numbers, we consider only harmonic seeds. In order to show Theorem 1.1, we use Garcia's method ( [6] ) and Proposition 3.1. For example, suppose that n is an harmonic seed whose largest prime factor is 7. We demonstrate that n is one of the following: Using this method and a computer, we can show Theorem 1.1. Table 1 gives the number of seeds whose largest prime divisor is equal to p (< 10 2 ).
Proof of Theorem 1.3. The finiteness of H(1, M) is immediate from Proposition 3.1. Let π(x) denote the number of primes less than
There are only finitely many such n from Lemma 2.3.
Proof of Theorem 1.4
In this section, we prove Theorem 1.4. Assume that n is a nontrivial odd harmonic number whose canonical factorization is (1)).
(
has no prime factors greater than 10 5 . Let A be the set of prime powers p e satisfying these conditions. From (i) and (ii), the set A is finite, so we can determine A using a computer. In fact, #A = 10621 and all elements of A are given in http://www.ma.noda.tus.ac.jp/u/tg/harmonic/10e5. nb (using this file and Mathematica , we also have other sets given in this section). In order to determine A, In order to eliminate 5, we need a prime power p e with p = 5 or 5 | (e + 1). Now, the proof of Claim 2 is completed.
We define C 0 = B 17 \{19 6 }, and for i ≥ 1, define C i similarly to A i . It is clear that C i ⊃ N . Table 6 gives the cardinalities of C i . Hence we have C i = φ and N = φ, so that the proof of Theorem 1.4 is completed. 
